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Abstract: The partition function of BFSS matrix model is studied for two different 
classical backgrounds up to 1-loop level. One of the backgrounds correspond to a 
membrane wrapped around a compact direction and another to a localised cluster 
of Z^O-branes. It is shown that, there exist phase transitions between these two 
configurations - but only in presence of an IR cut-off. The low temperature phase 
corresponds to a string (wrapped membrane) phase and so we call this the Hagedorn 
phase transition. While the presence of an IR cut-off seemingly is only required for 
perturbative analysis to be valid, the physical necessity of such a cut-off can be seen 
in the dual super-gravity side. It has been argued from entropy considerations that 
a finite size horizon must develop even in an extremal configuration of DO-branes, 
from higher derivative 0{gs) corrections to super-gravity. It can then be shown 
that the Hagedorn like transition exists in super-gravity also. Interestingly the 
perturbative analysis also shows a second phase transition back to a string phase. 
This is reminiscent of the Gregory-Lafiamme instability. 
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1. Introduction 

Hagedorn Temperature [[l| is the "limiting temperature" at which the string parti- 
tion function diverges due to an exponential growth in the density of states, which 
overtakes the Boltzmann suppression factor. There is some evidence to interpret this 
temperature as a phase transition temperature 0, ^, |[, ^. Yang- Mills theories are 
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known to have confinement- deconfinement phase transition, and also they are known 
to be dual to String Theories with (for gauge group SU{N)) interpreted as the 
string coupling constant, Qs- It is then natural to identify this Hagedorn Transition 
temperature with confinement- deconfinement transition |^ ^ |15], [1^, |1^ . 

Above the deconfinement transition the gluon flux tube disintegrates. Correspond- 
ingly one would expect that the string disintegrates above the Hagedorn phase tran- 
sition and is replaced by something else - perhaps a black hole. 

It is difficult to study the disintegration of string theory using the perturbative 
string formalism. One needs a non-perturbative description where a string can be 
described in terms of some other entity. One such description is the BFSS matrix 
model. In this model one can construct a classical configuration that looks like a 
membrane. As a 10-dimensional object it is a D2 brane of IIA string theory. If 
one of the space dimensions is compactified, the D2 brane wrapped around it, is 
T-dual to a D-string (Dl brane) of IIB string theory. This in turn is S-dual to an 
F(fundamental)-string. So on the one hand we can pretend that this D-string is 
the fundamental string whose phase transition we are interested in, and on the 
other hand this D-string is (T-dual to ) a composite of DO branes (arranged in a 
very specific way). At the phase transition this classical membrane configuration 
can be expected to disintegrate so that we end up with just a bunch of localised 
DO-branes. This is thus the "S-dual" of the Hagedorn transition. This was what 
was investigated in in a qualitative way in . It was shown by computing (in 
a high temperature approximation) the one loop free energy, that there is a phase 
transition from a membrane phase to a clustered phase. However an IR cutoff was 
crucial for the calculation. The motivation for the IR cutoff is roughly that the 
DO branes are actually bound (albeit marginally) and so one expects them to be 
localised. Two DO brane potential, at finite temperature, studied in ||^, |lOl shows 
possibility of bound state. Our aim in this paper is to redo the one-loop analysis 
carefully without approximations. The net result reaffirms the result of [§], but 
with some modifications in the analytical expressions. Interestingly an additional 
phase transition is found back to the string phase. The one-loop partition function 



of strings from matrix model |19| was also studied extensively in [20, 21 



Holography has given some new insights into the dynamics and phase struc- 
ture of super-symmetric Yang-Mills |Tl|, 0, |13|. This should also be taken into 
account. Deformations of these theories have also been studied ^ ^ P^ ]. 
In fact, motivated by the analysis in |23, 24 1, the thermal Hawking-Page phase 
transition [E9|, ESl in AdS with a "hard wall" ISOll has been studied - the hard wall 



removes a portion of the AdS near r = 0, which in the gauge theory corresponds 
to the IR region. In these models the cutoff is a way to simulate a boundary gauge 
theory that is not conformally invariant, i.e. confining. The cutoff radius is related 
to the mass parameter of the gauge theory. It has in fact been shown |^ that an IR 
cutoff is crucial for the existence of two phases: BPS Dp-branes (more precisely their 
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near horizon limit which is AdS) and black Dp-branes (AdS black hole), separated 
by a finite temperature phase transition. Also has argued (from entropy con- 
siderations) that 0{gs) higher derivative corrections to super-gravity must induce a 
finite horizon to develop for a configuration of extremal DO-branes. This also acts as 
an IR cutoff. Based on all this, the main conclusion of this paper is that an infrared 
cutoff needs to be included in the BFSS matrix model if it is to describe string theory. 

This is quite understandable from another point of view. Simple parameter 
counting shows that the BFSS model, as it stands, cannot be equivalent to string 
theory. It has only one dimensionless parameter A^. The other parameter is qym - 
which is dimensionful and just sets the overall mass scale. String theory describing A^ 
DO branes has two dimensionless parameter A^ and Qs, and a dimensionful parameter 
Ig. The two theories thus cannot be equivalent, except in some limit Qs ^ (or 
Qs ^ oo - M-theory). For finite Qs one needs an additional parameter on the Yang- 
Mills side. Thus an IR cutoff Lq introduces a second scale into the Yang-Mills 
theory, and thus the ratio of the two scales is a dimensionless parameter and now 
the parameter counting agrees. Furthermore, low energies in the matrix model that 
describes DO branes, corresponds in the super-gravity description to short distances, 
i.e. regions near the DO branes, where the dilaton profile corresponds to a large 
value of gs- If we include the low energy (IR) region in the configuration space of 
the Yang-Mills (matrix model) theory, we are forced to include the effects of finite 
Qs- The IR cutoff is an additional parameter that signifies our ignorance of (large) 
strong coupling effects. With an IR cutoff we can maintain Qs at a finite (small) 
but non-zero value. What actually happens in this region (i.e. close to DO branes) 
due to strong coupling effects of large gs is not fully known, but as mentioned above 
[0^ has a plausible proposal based on entropy arguments. The suggestion is that 
a finite size horizon develops. This if true, vindicates the introduction of an IR 
cutoff. Note that another way of making the functional integral finite is to give 
a mass to the scalar fields - thereby removing the zero mode. The matrix model 
corresponding to the BMN pp wave limit in fact has such a mass term with the 
mass being a free parameter. This is reminiscent of the N=l* theories studied in 



24] and these techniques have been applied to the BMN matrix model |34|. We can 



therefore take an agnostic attitude regarding the origin of the cutoff and treat it as 
the extra parameter necessary to match with string theory for finite Qs- It should 
correspond to the fact that the DO-brane bound state must have a finite size. This 
is not easy to see in the BFSS matrix model, in perturbation theory, because of the 
fiat directions in the potential. 

As mentioned above there seems to be another high temperature string phase. 
This is reminiscent of the T — > 1/T symmetry that has been discussed by many 
authors ||35|, |36|, |3^, |3^ . The perturbative analysis shows a second phase transition to 
a string phase at very high temperatures. This is reminiscent of Gregory-Lafiamme 
instability. We comment on this briefiy at the end. We show that the entropic 
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arguments that motivate the Gregory-Laflamme transition can also be made for 
extremal black holes with finite size horizon such as the Reissner Nordstrom black 
holes. 

This paper is organised as follows. Section 2 is a brief review of some relevant 
aspects of the BFSS matrix model. Section 3 contains the perturbative one-loop 
analysis. Section 4 contains the analysis using the super-gravity dual. Section 5 
contains some conclusions. 



2. M Theory 

M theory is the strong coupling limit of type HA string theory. In this limit, it 
behaves as an eleven dimensional theory in an infinite fiat space background. At 
low energy, it behaves as a eleven dimensional super-gravity. It also has membrane 
degrees of freedom with membrane tension jmrs, where ll^ is eleven dimensional 
Planck length. As mentioned in the introduction these membranes can be wrapped 
along compact directions to form strings and a study of the partition function of 
M theory may throw light on Hagedorn Transition, where strings are a particular 
configuration or phase of more fundamental degrees of freedom. 



2.1 BFSS Matrix Model 

M theory in infinite momentum frame (IMF) are described by DO-branes only, as 
proposed in |3^. The action is given by dimensional reduction of 10 dimensional 



U{N) Super Yang-Mills' (SYM) theory to zero space dimension {in N —>■ oo limit). 
Where the space co-ordinates of DO-branes are given by eigenvalues of N x N 
matrices Aj, i = 1, ■ ■ ■ , 9 of the dimensionally reduced SYM. 

Generally the infinite momentum frame is chosen by considering the eleventh 
direction, X^^ to be compact (radius, Rn) and then subsequently boosting the system 
in this direction. The negative and zero Kaluza-Klein modes decouple, and can be 
integrated out. These positive Kaluza-Klein modes have non-zero RR charge from 
ten dimensional view point (which is type HA string theory by definition, with 
gsls = Rii), and they are identified as the DO-branes of the theory . In the end, we 
must let Rii and N/Rn tend to infinity to get uncompactified infinite momentum 
limit. 



2.2 DLCQ M-Theory 

In the method of Discrete Light Cone Quantisation(DLCQ) we compactify a 
light-like coordinate X~ instead of X^^. This theory is valid for any value of A^. The 
idea is that in the large A^ limit this becomes equivalent to M-theory. For finite A^ 
this is a very simple model as shown in . 
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2.3 Relation between DLCQ M-theory and the BFSS matrix model 

We will review Seiberg's arguments on the relation between DLCQ M-Theory 
and BFSS Matrix Model. 

In DLCQ, we compactify a light-like circle which corresponds to, 




(2.1) 



where X^^ is the longitudinal space-like direction and is the time-like direction 
in the 11 dimensional space-time. We can consider it as a limit of compactification 
on a space-like circle which is almost light like 



with Rii << R . The light-like compactification ( p.l| ) is obtained from ( p.2| ) as 



Rn — > 0. This compactification is related by a large boost with 

/?. = ^^^=-l-f— (2.3) 
to a spatial compactification on 



where prime denotes boosted coordinates. 

The longitudinal boost of the light-like circle (eqn.( |2.1j )) rescales the value of 
the radius of compactification, R~' = 6~^R~, where 6 = \J^^-- It also rescales 
the value of light-cone energy P~ similarly. Therefore P~ is proportional to R~ 
i.e. P~ ~ R~Mp. The factor of Mp = {lp^)~^, the 11 dimensional Planck mass is 
introduced on dimensional grounds. For small Ru, the value of P~ in the system 
with the almost light-like circle is also proportional to R~ (an exception to that 
occurs when P~ = for the light-like circle; then P can be non-zero for the almost 
light-like circle). The boost (eqn.( pl3D ) rescales P~ to be independent of R~ and of 
order Ru (if originally = 0, the resulting P~ after the boost can be smaller than 
order Rn). So, P'" ~ PnM^, where P"' = P^^ = R-/6. 

Let us consider M theory compactified on light-like circle (eqn.( |2.1|) ) as the 
Pii limit of the compactification on an almost light-like circle (eqn.( p.2|) ) or 
as the limit of boosted circle (eqn.( |2.4|) ). Notice Pn corresponds to a large 
boost, 1 and 6 ^ oo. The analysis shows that, the DLCQ of M theory 

is related to the compactification on a small spatial circle i.e. the BFSS Matrix 
model pUf. For small Ru the theory compactified on ( ^.4|) is weakly coupled string 
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theory with string coupUng gg = {RiiMp)^ and string length 11 = (RuMp)^^ . We 
see in the hmit Rn the string length Is oo, which yields a complicated theory. 
However P'~ also goes to zero (if P~ is initially of 0(1)), so we are only interested 
in very low "energy" states of the boosted theory, and this simplifies things. This 
can be made clear by rescahng parameters. We have to replace DLCQ M theory 
by another M theory, referred to as M theory (BFSS Matrix theory) with Planck 
mass Mp compactified on the spatial circle of radius R^^. The relations between 

2 

parameters of the two theories is obtained by keeping P'~ ~ R^^Mp fixed with the 
limit R^^ and Mp ^ oo, we get, 

R^^Mp^ = R'M^ (2.5) 
And as boost does not affect transverse directions, 

MpRi = MpRi (2.6) 
where i?j are any length parameter in transverse direction. So, 

Mr. 



51/2 



Mp 

9± ^ ^-3/4 

9s 

-, = (2.7) 

a 

So with finite R~ and Mp, the corresponding string theory in BFSS model is weakly 
coupled and with very large string tension (Notice as i^n — > or 5 — > 00, both 'qs 
and Is goes to zero). So this theory is simple. 

If we compactify one of the transverse direction with radius Ri and consider the 
T dual along this direction, the T dual radius is given hy R* — ^. So the scahng 
gives, 

R: = R*. (2.8) 

In this paper we will calculate partition function of the DLCQ theory using the 
BFSS matrix model. Thus we use parameters (denoted with tilde) which are related 
to that of DLCQ by a scaling, as discussed above. 

2.4 The BFSS Matrix Model Action 

The bosonic part of the action for N £)0-branes is given by, 

where Dt = dt + iAq. Which is basically lOd U(N) SYM action (with = -^) 
reduced to Id, with Id ~ 
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The parameters of DLCQ theory are radius R and the eleven dimensional 
Planck length 1^^. While the parameters of Matrix Model are R^^ and Ip^. The 

membrane tension is given by - — ^77^7-7- This fixes = and also a' = %n-. 

° (27r)2(/ll)3 \ 111 I Rii 

These relations also imply that QsL = R^^ ■ Where 'cjs is the Type II A string cou- 
pling constant and 2715', the inverse string tension with a' = These parameters 
are related to that of DLCQ by the scaling discussed. 

As mentioned in the introduction, this parameter count in the matrix model is 
misleading. Written in terms of it clearly has only one dimensionless parameter 
N and one scale, set by gvM- So the dynamics depends only on A^, i.e. all physical 
quantities will scale with the appropriate power of gyM times some (dimensionless) 
function of A^. 

2.5 Construction of membranes and strings 

In matrix theory a membrane is described in the large A^ limit by the configuration 

mM 

X' = Up , = Uq (2.10) 

where p and q are matrices satisfying, 

b,?] = ^ (2.11) 

We will consider the configuration given by 

X^ = L^p (2.12) 

which describes a membrane wrapped around X^ with other edges free. If we 
consider X^,i 7^ 9 as periodic functions of q, all of form exp(img), then we get a 
closed string. Let us construct this string action in matrix model. 

Let us assume that X^ is a compact dimension of radius L^, assumed to be small. 
When a membrane is wrapped around X^ we get a D string (to get F string we have 



to wrap it around the X^^) with inverse tension P' = , and string coupling 

9si3' 



As shown in |§ , matrix model action, at zero temperature, with background 
configuration given by membranes constructed in the above way, matches exactly 
with the string theory action in light cone frame. The bosonic part of the action 
used in this paper is given by 



S = — t -4;^Tr{(AX^)^-(/^.X^)^ + (Fo9)^ + — ^[X\X^]^} (2.13) 

Which is a 1 + 1 dimensional action, obtained by dimensional reduction of 9 + 1 
dimensional U{N) Super-symmetric Yang-Mills action and subsequently taking T- 
dual along the compact direction Xg of radius U. = + iAg is the covariant 
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derivative in a direction Xg , which is T-dual to Xg, and has a radius Lg = j-. x is 
the co-ordinate along a Dl brane wound around Xg. 
Following Taylor's [^] calculation we have, 

1 °° T 

= ^ E -M^nx^)Xl (2.14) 

n=— oo 

Where Xqq = L^p is the original DO brane matrix of uncompactified theory. Thus 
Dr^ is given by 

= ^ I + I® J^d, (2.15) 
a'N 

which acts on eigen-f unctions 

e ^le'-^-fe^'i (2.16) 
with eigen values . This action( p.l3| ), in the large N limit, matches with closed 



string action , where the effective radius of world-sheet is XL*g and inverse string 
tension is 27r/9', (5' = LgR^^ . Turning on Fog corresponds to addition of F-strings. 
The commutator terms are zero if we restrict the matrices X* to be X*(x,g,t) i.e. 
without any p dependence, p dependence corresponds to fluctuations in matrix 
model that are not string-like. 

2.5.1 Two Phases 

Phase 1: The background X^ = L^p gives a configuration where the DO branes 
spread out to form a string wound in the compact direction. 

Phase 2: The background X^ = gives a phase where the DO-branes are clustered. 

We will consider these two backgrounds to calculate free energy up to one loop 
level, and compare to find any signature of phase transition. It is important to have 
a precise definition of the measure in the functional integral. This is described in 
Appendix A. 

3. One Loop Free Energy 

For convenience we will drop the tilde sign on the parameters and put it back in the 
end. 

The details are given in the Appendices B and C. We summarise the results here. 
We will first calculate action for a SUSY scalar field on x S^, which is then related 
to the action ( 2.13|) we are concerned in the following subsection. We start with the 



bosonic part: 

Consider the Euclidean action, 



1 df /■^''^s dr 

s = - r f^mxf + {d^xf} (3.1) 

as Jo h Jo ^^-^9 
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Where t and x directions are both periodic with periods P and 2nLl respectively, 
then, 



oo oo 



X = Yl E ^nme-^"*e-^'"" (3.2) 

n=— oo m=— oo 

X is real implies X^^ = X_„_^.So we get. 



S = E E [(^)' + i^r]XnmX.r.-m (3.3) 



n=— oo m=— oo 



Now we can calculate partition function easily (see Appendix B). We get, 

Z = —l^r^uJ-)-^ (3.4) 

where r){x) is Dedekind's Eta function and Lq is cut-off introduced in zero mode 
integral. 

The Partition function in terms of ratio of radii of two S^, ie. x — 

^'^^ ^Vi^x)-' (3.5) 
Dedekind's Eta Function has a symmetry given by, 

rj{ix) = -^ri{i/x) (3.6) 
\/x 



Which makes the partition function invariant under the transformation x — > 1/x 

_J_ 

2-kLI 



For low temperature, >> 1; the free energy takes the form. 



FiT) = -lln(Z)^-^^-\Tlni^T) (3.7) 

which shows F(0) ^ due to the presence of zero-point energy, 

^ oo 

^ n=l ^ 

using Zeta function regularization. The high temperature expansion, << 1 is 
given as, 

F{T) = ^ + - ln{ ' T) (3.9) 

Now we add in the fermions: 

The Minkowaski action is given by, 

'■^'^^S dx 



^^I^r^ 2^^^^*-^^' - + V^(^7'^)5.V^} (3-10) 
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ipQ, a = 1,2 are two components (real) of two dimensional Maiorana Spinor ijj. 
7 matrices are given by, 

(3.n, 



7^7'' = 2^7^^^ = -^7'' = l (3.12) 
Fermionic part of the action can be rewritten as, 

'^{ir)d^,^l^ = iMdtM - d.)^l^i + iMdtM + d.)il^2 (3.13) 

Now to go to Euclidean action at finite temperature we have to take Im it, and t 
compact with periodicity p.We get, 

9s Jo h Jo ^TrLg 

(3.14) 

Where X is periodic in both t and x, ipa is anti-periodic in t and periodic in x. 

oo oo 

X^{2nL;py/' ^ ^ X_e-¥"V^"^^ (3.15) 



n=— oo m=— oo 



= {2nm'/' Yl E V'a,nme-7'^*e-^"^^ (3.16) 

n=—(x,n=odd m=— oo 

X and V'a is real imphes X*^ = X_n-m and = t/'a-n-m. ^nm is a dimension- 

less c-number and ipa,nm is a dimensionless Grassmann number. 
So the action becomes, 

S=-jin Sr^-oo E^^-J^^mr-T? + i^nXnmX.r.-m 
-ik En=-oo,n=od.E^=-oo{^A/(2^[7 + i^]i^l,nmi^l,-n-m + 

V(27rL;/3)[f - if|]V'2,nmV'2,-n-m} (3.17) 

For Bosonic part of the action we will get same partition function {Zb) as previous 
section. Each contributes same amount to partition function, Zp = Zp\Zp2 — 
^Fi — ^F2- We get (see Appendix C), 

Where x = ■ 

So SUSY partition function, 

Z^ZbZp^Z^^^'^^ (3.19) 
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Compare with, 

Zb = , ^° -^rijixy^ (3.20) 

Now Z does not have the x ^ 1/x symmetry, which is natural as two directions are 
not similar due to different boundary condition. At low temperature, i.e. x — > oo, 

Z = 2Lq\I ^^'^ , which is the partition function for a super-symmetric free particle 
(the zero mode). 

3.1 Free energy for two phases of Matrix Model 

We use Background Gauge Fixing Method (see Appendix D) to calculate the free 
energy up to one loop for the action ( |2.13| ). The ghost terms effectively cancels 
the two gauge fields, and remaining theory is effectively that of 8 SUSY scalar fields, 
except the fields are now U (N) matrices in adjoint representation and the derivatives 
are little complicated than that for scalar fields. Now in phase 2 (clustered) the 
covariant derivatives reduces to ordinary derivatives. The partition function for 
phase 2 (clustered) is. 



^9 

pF2 = -8 A^^ ln{b) +8 ln{y/^) - 16 A^^ ln{r]{2ix)) 

t2 



+ 32 ln{r]{ix)) (3.22) 

The A^^ comes as the eigenvalues are independent of m and n (see eqn( p.l6| )). For 
phase 1 (string) the background of Ag effectively changes the radius Lg to A^ Lg (see 
section (2.5)), and the partition function for phase 1 is given by. 



Z.^e-H^i^4.:Pjr (3.23) 



pFi = -8 N ln{h) + 8N ln{^) - IQ N ln{r]{i^)) 

+ 32 AT Inivit^)) (3.24) 

The A^ comes as eigenvalues are independent of m (see eqn( p.l6| )). Where x = 

Jj _ 2Lo _ 2Lo 

3.1.1 Low temperature expansion 

Consider x >> 1 and xjN >> 1, 

pFi ~ -8Nln{b) + 8Nln{^) (3.25) 
j3F2 - -8NHn{b) + 8NHn{^) (3.26) 
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Using, 

ri{ix) ~ for x >> 1 (3.27) 

So (3Fi < (3F2, i.e. the string phase will be favoured at low temperature if b/ \/x < 1. 
We can expect a phase transition from the string phase to the clustered phase as the 
temperature is increased from zero, at x = b'^. For the transition temperature to lie 
in the validity region of the low temperature expansion : b >> \/N. Let us call this 
temperature as T^- 

T„ . ^ (3.2«) 

In terms of the DLCQ parameters, 

= ^ (3.29) 

using the scaling properties discussed in section (2.3). If we now take the limit 
Lo — > 00, the transition temperature Th — > 0. So, it is essential to have a finite 
value of Lq to get phase transition at finite temperature. This is the temperature at 
which there is a deconfinement transition in the Yang- Mills' model, which should be 
same as Hagedorn transition. 

3.1.2 High temperature expansion 

Consider a; << 1, 

~ 8Nln{^) - min{^) - (3.30) 
/3F2 ~ SNHnil) - 8NHn{V^) - (3.31) 

Using, 

7]{ix) ~ e-(i^+'"^) for x << 1 (3.32) 

We see that, at a; > p, the clustered phase is favoured but at very high temperature 
we can again have a string phase. This "Gregory-Laflamme" kind of transition will 
occur a,t x — ^N~^/^ ~ ^ (For large iV, N~'^^^ ~ 1). This is also consistent with 
6 >> y/N. Let us call this temperature as Tq. 

Tg = —^Trr. (3-33) 



In terms of the DLCQ parameters. 



using the scaling properties discussed in section 2.3. In this case, note Lq — > 00 
implies Tq ^ 00. 
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Let us express this in terms of the parameters of Yang-Mills theory : The infrared 



cutoff on A 



r? ^ r? 



Thus we get (up to factors of 27r) 



G 



p r *2 r *2 



^9 -^0 



9sL: 



*2 T *2 



9ymo+i L^L"^ 9ymi+i L^Lq 



*2 



(3.35) 



4. Review of Super-gravity Results 

The BFSS matrix model with tilde parameters is supposed to be a non-perturbative 
description of M-theory ( or HA String Theory). But the idea of gravity dual 
of Yang-Mills' theories allows us to relate the matrix model to super-gravity (with 
tilde parameters). One can use this to infer properties of the matrix model. 

The Yang-Mills' coupling associated with DO brane action defined in section 



(2.4) is given by g^-^ 



1 gs 

47r2 (3 



9ym 



is finite in the limit (^s — ^ and 



Is ^ 0, a.s Qs and Ig are finite parameters. This is the decoupling limit discussed in 
[H [i2| |45|. In this limit, if we also take large, the theory is dual to Type II 
super-gravity solution discussed in [Q. Two classical solutions of Type // super- 
gravity are : (1) the decoupling limit of black DO branes and (2) the BPS -DO branes. 
In a recent study |^ phase transition of these two solutions were discussed. It was 
shown that the IR cut-off plays a crucial role in phase transition. As mentioned 
earlier this is motivated by the work of [^, We will redo the analysis of 

this paper |^] here and try to explain the physical origin of IR cutoff used in . 
The super-gravity solutions have tilde parameters, but for convenience we will drop 
the tilde signs and put them back at the end. 

Ideally, we should construct the super-gravity solution corresponding to the 
wrapped membrane. We reserve this for the future. Here we are only interested 
in understanding the nature of the phase transition and the role of the IR cutoff, so 
we will just use the solution for coincident DO-branes used also in |31|. In the 
decoupling limit, (with U = w = fixed, where r is radial co-ordinate defined in the 
transverse space of the brane. U also sets the energy scale of the dual Yang-Mills 
theory.) the solution for A^ coincident black DO-branes in Einstein frame is given by, 



""'Em 



a' 



u- 



+ 



{glMdoN)l 



Ui 



. ^2 I'dYMdoN 

^t^9ym 



7U^ 



-a 



YM 



u^dnl 



de 



(4.1) 

(4.2) 
(4.3) 
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where do = 2^7r^/^r(7/2) is a constant. Simply setting Uh = gives the solution for 
coincident BPS DO-branes. 
The Euclidean action can be obtained by setting t = it. The Euclidean time r 
has a period 

in order to remove the conical singularity. This is the inverse Hawking temperature 
of the black DO brane in the decoupling limit. 

Now the on-shell Euclidean action for the two solutions can be calculated and 
gives, 



black 



7' V{ns)(3 



16 levrC'io 



U UV 

U^dU (4.5) 



^ 73 V{ns)(3 ' 
16 IGttG' 



Uuv 

U^dU (4.6) 



10 JUiR 

where G'^q = a'~'^Gio = i^ix^^gyM is finite in the decoupling limit. Uuv is introduced 
to regularise the action and is taken to 00 in the end. The temperature of BPS 
branes (3' is arbitrary and can be fixed by demanding the temperature of both the 

solutions to be same at the UV boundary Uuv, which gives 13' = (3x1 — j^. Uir 

V ^ UV 

is a IR cut-off which removes the region U <Uir oi the geometry. The integration 
in the action starts from Ujr for BPS solution and, Ujr or Uh for the black brane 
solution depending on Uh < Uir or Uh > Uir respectively. If we put Ujr = i.e. 
in absence of the IR cut-off, comparison of the actions (eqns.( ^l5|),( [4.6|) ) shows that 
there is no phase transition, and the black brane phase is always favoured. Let us 
consider the case Uh > Ujr, 

Ahuik = lim {luack - V) = S^^r7^(-^f^l + UJr) (4.7) 

Which shows a change in sign as we increase the temperature i.e. Uh (eqn.( [4.4D). 
The system will undergo a phase transition ( "Hawking-Page Phase transition" ) from 
BPS brane to Black brane solution at U^ = '^Ujj^. Actually, we should also consider 
Gibbons-Hawking surface term for careful analysis (as done in ||3ll|) which corrects 
the transition temperature by some numerical factor given by. 



ATcgYAiVdoN 



We see a IR cutoff is essential to realize a phase transition, (as Ujr 0, Pcru 00) 
so to get confinement-deconfinement phase transition in dual super Yang-Mills theory 
we have to introduce a IR cutoff. 
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As mentioned in the introduction, one possible mechanism for the origin of the 
cutoff for DO branes can be understood from the analysis of It was shown 



that the higher derivative corrections to super-gravity introduce a finite horizon area 
for extremal DO brane solution which is otherwise zero. The multigraviton states 
(with total N units of momentum in the 11th direction) and the single graviton state 
seem to both be microstates of the same black hole when interaction effects higher 
order in gg are included. Radius of the horizon developed due to higher derivative 

~~l/3 

corrections is ~ IsQs ■ So we can get an estimate of IR cutoff by identifying R 

~ o —1/3 ^2 / 

with the IR cutoff in our case, Um = ^ ~ 9YMy which is finite in the scaling 

limit. If we plug in this value of Ujr in eqn.( |4.8|), we get 



^ru = - TT- (4-9) 



In case of Dl brane system, which is just T dual to the system studied above 
also shows that a IR cutoff is required for phase transition We were unable to 

find a analysis like ||32| corresponding to wrapped membrane system, which we need 



to get an estimate of the IR cutoff. 
4.1 Gregory-Lafiamme Transition 

In our calculation we find a temperature Tq, where the DO-branes spread out uni- 
formly along the compact space. This configuration is just the one that is favoured 
at very low temperatures. It is not clear whether this perturbative result is reliable. 
However, a similar phase transition exists in the dual super-gravity theory, known as 



"black hole-black string" transition or Gregory-Lafiamme transition [O, O, 46, 47 



49| , ^ . It is shown in 0] , that the near horizon geometry of a charged black string 



in i?^'^ X (winding around the S^) develops a Gregory-Lafiamme instability at a 
temperature Tql ~ — y/~N^ where L is the radius of and Qym is 1-1-1 dimensional 
Yang-Mills' coupling. Below this temperature the system collapses to a black-hole. 
In the weak coupling limit, the dual 1-1-1 SYM theory also shows a corresponding 
phase transition by clustering of eigenvalues of the gauge field in the space-like com- 
pact direction below the temperature, Tqj^ ~ ^3 •} — ^ , as shown numerically in ||11| ] . 
This should be compared to the perturbative result (eqn.( B.35|)) Tq ~ ^ — tt^wf^- 
So the presence of high temperature string phase in our model must correspond to 
some kind of "Gregory-Lafiamme" transition in dual super-gravity. This is (at least 
superficially) independent of the issue of any classical instability. This is because 
both solutions may be locally stable, but at finite temperatures it is possible to have 
a first order phase transition to the global minimum. 

In our perturbative result, the high temperature phase is a string rather than a 
black string i.e. it is the same as the low temperature phase. The question thus 
arises whether Gregory-Lafiamme transitions can happen for extremal objects. We 
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can give a heuristic entropy argument to show Gregory-Laflamme kind of transition 



is also possible for extremal system. In the original argument |^8[, it was shown 
that for extremal branes there is no instability. However, these systems had zero 
horizon area. Instead, we will here consider a 5 dimensional extremal RN black 
hole with a large compact direction, and the same solution with the mass smeared 
uniformly along the compact direction ("RN black ring"). The metric, ADM mass 
(M5) and entropy (S'5) for a 5d extremal RN black hole solution is given by (where 
the compact direction is approximated by a non-compact one), 

2 2 

dsl = -(1 - ^fdt^ + (1 - ^)-^dr^ + r^dnl (4.10) 

^'k - §;rl (4.11) 

= 1^ = "^i^fGr^r (4.12) 



where is Sc? Newton's constant. Similarly, we can write the metric for bd extremal 
RN Black ring, which when dimensionally reduced gives a Ad extremal RN black 
hole. The metric, ADM mass ( M(4xi)) and entropy ( 5'(4xi)) is given by, 

dsl^^^) = -(1 - ^fde + (1 - ^y^dr^ + dx^ + r^d^ll 

(4.13) 

M(4xi) = ^ (4.14) 
At^RI X 27rL 1 

^(4x1) = = 2^5— (4.15) 

where 6*4 = is Ad Newton's constant and L is the radius of the compact direction 
X. If we consider M5 = M(4xi) = M and compare the entropy, 

^ ^ i5£ (4.ia, 

i'(4xl) 9 Te 

So, when radius of the compact direction is greater than the radius of the bd black 
hole horizon, the black hole solution is entropically favoured. As we increase the 
horizon radius, there may be phase transition when horizon size becomes of the 
order of the radius of the compact dimension, above which the "string" solution is 
entropically favoured. Our analysis is a simple entropy comparison. As mentioned 
above, this is independent of the classical stability issue, that was studied in detail 
in |H8[. Therefore, extremal solutions with a finite horizon size may also show a 



Gregory-Laflamme kind of transition. This needs further study. 
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5. Conclusion 



In this paper, the finite temperature phase structure of string theory has been studied 
using the BFSS matrix model which is a + 1 Super-symmetric Yang-Mills (SYM) 
theory. This was first studied in perturbation theory. This was actually a refinement 
of an earlier calculation P] where some approximations were made. The result of this 
study is that there is a finite and non zero phase transition temperature Th below 
which the preferred configuration is where the DO branes are arranged in the form 
of a wrapped membrane and above which the DO branes form a localised cluster. It 
is reasonable to identify this temperature with the "Hagedorn" temperature, which 
was originally defined for the free string. We have found that Th ~ j^^, where Lq 
is the IR cutoff of the Yang-Mills theory which needs to be introduced to make the 
calculations well defined. 

The + 1 SYM has a dual super-gravity description. Here also it is seen that 
in the presence of an IR cutoff there is a critical temperature above which the BPS 
DO brane is replaced by a black hole. 

Simple parameter counting shows that the BFSS matrix model needs one more 
dimensionful parameter if it is to be compared with string theory,so the IR cutoff Lq 
can be thought of as one choice for this extra parameter. It makes the comparison 
well defined by effectively removing the strongly coupled region of the configuration 
space in SYM as well as in super-gravity. A physical justification for this (beyond 
parameter counting) comes from the work of |^2|. It is shown there that the entropy 
matching requires even the extremal BPS configuration of DO-branes to develop a 
horizon, due to higher derivative string loop corrections to super-gravity. This is an 
issue that deserves further study. 

Finally, the perturbative result shows a second phase transition at a higher tem- 
perature, back to a string like phase. This could be an artifact of perturbation 
theory. On the other hand, it is very similar to the Gregory-Lafiamme instability 



and there is also some similarity in the expressions obtained in W^ for the critical 

temperature. This also requires further study. 
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Appendix 

A. Defining Measure for A/" = 2 SUSY in ID 

We define measure such that 

J DxDilj*Dtljexp -IT J dt{— + = 1 (A.l) 
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Where x{t) is a bosonic variable, and ijj{t) is its super-partner. The SUSY transforma- 
tion is given by, 

Sx = e*i) + i)*e; dip* = -e*x; dip = -ex. (A. 2) 

where e* and e are two infinitesimal anti commuting parameter. From these definition 
we can define the measure 

oo 

DxDip*Dip = dxo Y\_{d,Xndx-.n)dipQdipo JJ^ dip^dip^^j^dip^dip^^ (A. 3) 

n=l m>0 

The Fermionic measure in terms of ipi and ■02, where ip — + iip2is given by, 

m>0 

where x{t + P) — x{t); Fourier expansion co-efficient for x.t/jjn are Fourier 

expansion co-efficient for ■0(t),m runs over all integers for periodic boundary condi- 
tion,but takes only odd values for anti-periodic boundary condition. 



x{t) = J2 ^ne-"?""* (A.5) 



'^(t) = '^nC ^ "*for periodic boundary condition (A. 6) 

n=— oo 

oo 

Vne~^"'*for anti-periodic boundary condition 



(A.7) 



A.l Zeta Function 

We will need the following results for our calculation. 



oo 

C(s) = J]n- 

n=l 

oo 

((s)' = _ ^i^-s ln{n] 

n=l 
oo 

Codd{s) = J] 



oo 



n 

n=l,n=odd 
oo 

n=l,n=0(i(i 

= 2-* /n2 C(s) + (1 - 2-%{s)' (A.8) 
and C(0) = -|, C(0)' = -|Zn(27r). Which gives Codd(O) = and Codd(O)' = -\ln{2). 
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A. 2 Super-symmetric {J\f = 2) ID Hcirmonic Oscillator 

Consider the SUSY Harmonic Oscillator at finite temperature with action, 

S = dt{^ -^*^ + ^ + ^*^) (A.9) 

Where the SUSY transformation is given by, 

5x = e*i> + il:*e; Si/j* = -e*{x + x); 6i/j = -e{-x + x). (A.IO) 
With periodic boundary condition on both x and ip, 



S = \l3xl + /3 ^(1 + ^^)xnx_n + I^^Q^o + + 2mn)rn^n 

^ n=l ^ n=l 

oo 

+ ^(/5-27rzn)V^l„V'_„ (A.ll) 



n=l 

So integrating by using the measure defined the partition function is, 

Z ^ J Dx Dip*Djj; e-^ 



oo oo 

+ 27rm) x JJ(/3 - 27rm) 



n=l n=l 

= 1 (A.12) 

Using ^ — C'^^^^ = C~^/^, where C is any constant number. 

If we keep periodic boundary condition on x,but take anti-periodic boundary 
condition on ■0,the Super-symmetry breaks and 

.2^2 



S = -pxl + /3 ^(1 + -^^)xnx_n + ^ (/? + 7^^r^)^;^„ 

n=l n=l,n=odd 

oo 

+ 5^ (/3-7rm)Cn^_„ (A.13) 

n=l,n=0(id 

So integrating by using the measure defined the partition function is, 
Z' ^ J Dx DipWip e'^ 



Yl {f3 + Trim)x Y[ {13 -mm) (A. 14) 

m=l,odd m=l,odd 
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Now rearranging the products and using ( function to regularise the infinite products, 
(i-e. using UZiC = C-^l\ Vu=,n = V2^, nn=i,o,.C = 1, nn=i,oMn = V2) we 
get, 

Z' = , ^'^'t^il^^ = (A.15) 

Using,n^o(l + 7r2(2fc+i)0 = coshx and xnr=i(l + ^) = sinhx. Also notice as 
/3 — > oo, ^ 1 i.e. Super-symmetry is restored in the zero temperature limit. 



B. Calculation for Massless Bosonic Field theory on 5 x 5 



* n=-oo m=-oo ^ ^ 

= (27rL;/?) — E^[^^ + 7i2][-^n"^-^nm + -^n-m^^^-J} 
9s^' n=l m=l ^ ^9 



/OO oo oo /* oo /3 ^ ^ ^ 

-OO n=lm=l 

oo oo ^^22 2 



<n/ 



dXomdX*^e ' ^'^'-'^-a^ (B.2) 



The zero mode integral diverges. So we put a cut-off . ^" , as the value of zero 
mode integral. 

^ oo oo _ 

^ / -^0 ^ TT TT r 



r 27r 1 r 27r 

X 



n { (2.L5«i^ } " n { (2.L5/3)^f } '^-^ 

Using c = c''^°) = c"-*^/^, if we take out the constant factor {27rLlP) from the 

products, it cancels nicely with the factor in zero mode integral. These products 
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can be rearranged to get, 



n=l gsh ^ 
oo I 2 °° 

{ n [\l im^\ n _ 



27r 



X 



m=l 



gsls^T^' n=l gsls^~fP 



SHO,mass= ^freq.= 



therefore, 

where. 
Using, 



1 



27r/? ^ 2 sinh(/?a;„/2) . 
1 



M 



m 



9sl 



T* 

s ^9 



r]{ix) = ]^(2 sinh(7rA;a:)) 



k=l 



where r]{z) is Dedekind's eta function. We get. 



For low temperature, >> 1, the free energy takes the form. 



F{T) = ~ln{Z) ~ ^ 



/3 ' ' 12L* 2 '27rc/,/ 
which shows F(0) 7^ due to the presence of zero-point energy. 



m 



-, 00 

1 V — > n 



En 



12L* ^ L* 

^ n=l ^ 



(B.4) 
(B.5) 
(B.6) 
(B.7) 

(B.8) 



(B.9) 



(B.IO) 



using Zeta function regularization. The high temperature expansion, << 1 is 
given as. 



F{T) 



+ — ln(- 
3 2 ^ 



7"2 

-^0 



-T) 



(B.ll) 



C. Calculation for Fermionic part of SUSY Scalar Field the- 
ory 



Sp — Spi -\- 



P 



^gJs 



J2 E UVWm 



n=— 00 'n=udd m=— oo 



Tin m 



r TTTn "^il , 1 

^/{27^L*Q/3) ^— - l—^'llj2,nm1p2,-n-mj 



^l,nm^l,— n— m 

(C.l) 
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By rearranging the sum (we have dropped the index 1 or 2 in -0) , 

9s s ™_i „ ij P 9 



n,m=l,n=odd 

oo 

(-^ - ij^jiPn-m lip - nm 

n,m=l,n=odd ^ 



oo 

— V'noiV'-no| (C.2) 



/9 

n=l,odd 



Therefore, 



oo oo oo 9 9 9 



n=l,odd n=l,oddm=l 



where, C = ^^Mp 

Using, nr=ilVdC = C^°''''(°) = 1, nr=i,odd^ = e-C.(o) = ^2 and rearranging the 
products we get, 

oo oo / 7r^Lgra N.2 

z«=v2 n n(i+^i^) (C.4) 



n=l,oddm=l 



Using, 2if|W=nr=i(l + ^) we get, 

I sinhl' — 



Z„ = n 

n=l,o(i(i 



nr=i2sinh(^) 
nr=i2sinh(H!E|^) 



(C.5) 



Where x = ^^'^ using property of Dedekind eta function, we get. 
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D. Review of Background Gauge Fixing Method 

Consider dimensionally reduced Maximally Super-symmetric Yang- Mills theory in 
10 dimensions to 2 dimension. The Lagrangian is given by, 

' ^ -Tr{-{D,Ar + e^I^9 - lF'^,-hA\A^]' + 9^^,[A\9]) (D.l) 
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Where i = 1,...8 and fi,!/ = 0,9. The metric is rj^^iy = (—1,1,1...,!). 6 is 16 
component Maiorana Spinor and 7 matrices obey 10-dimensional Clifford Algebra. 
Let us consider, 

Ai^ai + 

e^e + e' (d.2) 

Wfiere a^^, Oj, © are background fields obeying classical equation of motion. Let us 
define a new covariant derivative as = + ia^. The primed fields are quantum 
fiuctuations which is integrated out for calculation of partition function. Also, 

F,. = F,, + {D,Al - D^A'^) + t[A'^, A',] (D.3) 

where, F^,^ = d^a„ - d^a^ + i[a^, a^]. 

Now the aUowed gauge transformation is the ones which keep the background un- 
changed, i.e. 5a ^ = 5aj = 56 = 0. Then the gauge transformation on the fluctua- 
tions are given by, 

5A'^^ D^a + i[A'^,a] 
59' = i[e\ a\ (D.4) 

Let us choose Oj = and = 0. 
The gauge fixing condition we use is, 

D^A^" = (D.5) 

therefore the Gauge fixing Lagrangian, 

Lgf--^TT{D,A^'f (D.6) 

and the ghost Lagrangian, 

Lgh = TriujD^D'^uj + iujD^[A''', uj]) (D.7) 

Where u; and O are ghost and anti ghost respectively. The background for ghost 
fields are taken to be zero. 

Now we calculate the Lagrangian up to 1-loop level, i.e. we keep terms up to 
quadratic in fluctuations. And we also use classical equation of motion for back- 
ground flelds. We get, 

Liioop = -^Tr{A"D^A" - A',D''A', + A'.D'^A', + O''^ ^' 

-\Fl-iF>^''K^.)+^D'^ (D-8) 
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Let us choose ao — and og = constant, then F^'^ — 0. Also scale cu properly, we 
get, 

Liioop = -^Tr{A"D^A" - A'^D^A'^ + A'^D^A'^ + 6'^:^' + uuD^u;) (D.9) 

The Euclidean partition function is given by, 

10 16 
InZ = —Tr{lnD'^)bosonic - -jTr{lnD'^)fermionic - Tr{lnD'^) ghost (D.IO) 
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